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Abstract

The analysis of the temperature distribution in time and place of a hot heat-conducting Newtonian fluid injected between two
cooled parallel plates is presented. The 2-dimensional flow has a free flow front moving with constant velocity. The kernel of the
fluid remains almost at the inlet temperature, but at the walls boundary layers occur with steeply descending temperature. The
inner solutions inside these boundary layers are determined. To this end, the total region is divided into three distinct regions:
the regionG, far behind the flow front, the flow front regio@)|, and the intermediate regiai; betweenG| andG),. The
asymptotics owing to each region are presented. The fundamental small parameter here is the thickness-to-length ratio of the
2-dimensional flow region. In most of the cases, similarity solutions are found. In the flow front region, for the formulation of
the inner solution a Wiener—Hopf technique is used. Via matching procedures, the separate boundary layers are linked to each
other to form one global boundary layer for the whole front region. All calculations in this paper are performed by analytical
means, and all results are in analytical form. Comparison of our results with numerical solutions shows perfect agreement.
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1. Introduction

During the filling phase of an injection moulding process several peculiar phenomena occur, especially cloflewo the
front, which is a free boundary for the flow. Hence, the shape of the flow front is an unknown of the flow problem. At the
flow front, the flow is a so-called fountain flow. This flow problem is solved completely by analytical means in [1] for the
2-dimensional problem of an injection flow of a Newtonian fluid between two parallel plates (here further calieclittie
walls). In that paper, no thermal effects are considered. In the present paper, we shall use the results of [1] to calculate, again as
much as possible by analytical means, the temperature distribution in the injected fluid, taking into account the effects inherent
to the flow front and the fountain flow there, according to [1]. We assume that the fluid is injected at a high temperature,
whereas the parallel mould walls are kept at a uniform and constant lower temperature. So, the mould walls will cool down
the hot fluid, thus causing temperature gradients in the fluid, that are most strong near those walls. An analogous flow process
occurs for instance in the injection moulding of compact discs. In this kind of processes, thermal effects reveal themselves in,
amongst others, influences on the viscosity which is strongly temperature dependent. The effects due to temperature-dependen
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viscosities on the injection moulding of polymers melts have been investigated by Mavridis et al. [2], Wall and Wilson [3], Attia
[4], Pinarbasy and Ozalp [5], Estep et al. [6], Becker and McKinley [7], and Nguyen-Chung and Mennig [8]. In Mavridis et al.
[2], a temperature profile at the end of the filling phase and far behind the flow front has been calculated; see their Fig. 7. Their
result shows that the temperature in the kernel of the flow (approximat8lp®the width of the gap between the plates) is
still equal to the hot inlet temperature, whereas the fluid cools down to the wall temperature in two thin layers near the walls.
Comparable results can be found in [7, Fig. 6]. Also in the other references temperature profiles are calculated, but this is
always done by numerical means, in which the influence of (the fountain flow at) the flow front is not taken into account (this
in contrast to the present paper). Only in [8], it looks as if the development of the flow front is taken into account. However,
nowhere in this paper boundary conditions for the temperature on the flow front are specified. Moreover since no results of the
temperature simulations are presented, a comparison with our results is impossible. In some of the mentioned papers, [3,5], an
[6], the calculated temperature distribution and, more specifically, its influence on the temperature-dependent viscosity, are usec
to investigate the (in)stability of the channel flow; significant influences on the stability of the flow are found. One aspect of
the stability behaviour is the so-calléidw front instability: in experiments on injection between parallel plates, it is observed
that the motion of the flow front becomes instationary and asymmetric; the front starts wobbling, [9] or [10, Section 10.3]. Itis
believed that this front instability is caused by either thermal or elastic effects, or by a combination of the two; see for instance
Bogaerds et al. [11], where a numerical evidence for an elastic instability has been presented.

In this paper, we will look at the pure temperature problem, in which we calctlilatear and behind the flow front. This
leads to a convection—diffusion problem, in the convective term of which the velottysed as found in [1]. The problem is
formulated for a 2-dimensional region between two parallel plates, the mould. The mould is partially filled with polymer melt.
At the inlet, the hot fluid is injected. As the walls are cooled, the melt gets also cooled at the walls. Due to the short process
time which we consider here (only the filling phase is considered), the kernel of the injected fluid does not cool much and,
therefore, will remain (almost) at the inlet temperature. Consequently, there will occur boundary layers at the walls, in which
the temperature is lower than the inlet temperature. In these narrow layers asymptotics will be used to formulate and solve the
temperature problem. It turns out that the asymptotics in a layer very close to the flow front differ essentially from those in a
layer far behind the flow front. For both cases the asymptotic or boundary layer problems will be solved here. The fluid model
we consider here is simple: a Newtonian fluid with constant viscosity, and in the heat equation the viscous dissipation term is
neglected.

In Section 2, the mathematical formulation of the temperature problem is presented. Three different regions are introduced
there:

(1) The region far behind the flow fronG().
(2) The flow front region G ).
(3) The intermediate regiorsy( ) betweenG| andGj, .

In each of these regions different asymptotics apply. However the fundamental parameter is everywhere the thickness-to-lengtt
ratio of the 2-dimensional flow region. In Sections 3, 4, and 5, successively the asymptotic solutions in the boundary layers in
G|, G| and Gy are derived. In Sections 3 and 5, the solution is found via the introduction of a similarity solution, whereas

in Section 4, a solution is obtained via a Wiener—Hopf technique. In Section 5, the different boundary layers are linked to each
other by a matching procedure. A review of the main results and the conclusions is given in Section 6.

2. Mathematical formulation

The system we consider here consists of two semi-infinite parallel plates at a distaree2pying the two half-planes
{(X,Y,Z)| X > 0A Y = +h}. Here, we have introduced a system of Cartesian coordin&te¥, and Z, whereY is the
coordinate in the direction perpendicular to the plates; see Fig. 1. Through the cross-géctidhn —h < Y < h} a fluid is
injected and it starts to flow between the plates with a velogityVe consider the problem to be two-dimensional, meaning
thatV is independent of, and that theZ-component oW is zero:V =U (X, Y,t)ex + V(X, Y, t)ey.

The region between the plates that at a certain tingefilled with fluid, is denoted byG and is bounded by the walls at
Y = +h, the inletX =0, and the flow front, curvdd BC = I" as indicated in Fig. 1. The regid® is given by

G={(X.Y)|=h<Y <hAO< X <Xp(t)+&¢(Y,D)}, (1)
and the flow frontl” (= ABC) by

r={X. V)| X=X;0)+&Y, 1) A—h <Y <h}, )
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Fig. 1. The flow region with moving front between two plates, divided into three regions: the region far behind the flaw fribvet flow front
regionG|, and the intermediate regidafy .

whereX ((¢) is the X -position of pointA (or C), andé ¢ (Y, #) is the horizontal position with respect to the lin€ and at time
t of a point on the flow fronf” having vertical positiory . The normal onl” in a certain poin(X, Y) = (X (1) + &7 (Y, 1),Y)
and at time is given by

1
J1+Gry ()2

where(-) y denotes differentiation with respect¥o

For the calculations of the temperatureGn to be presented in this paper, it is convenient to divideto three disjoint
regions; see Fig. 1. Here, regioh is the region far behind the flow front, regi@p, is the flow front region, and regio@
is the transition region betwed#; andG) (so,G = G| U G| U Gyj1). In this paper we will calculate the temperature in the
regionsG|, Gy, G, separately.

Here, we assume that the flow front has a fixed shape moving with constant Bpdadhe X-direction, and that it is
symmetric with respect t&. This means thak ¢ (1) = Vgt andéy =& (Y) =&¢(=Y).

For an incompressible Newtonian fluid, the velocity near the flow front can be calculated by analytical means; see [1], where
it was found that the shape of the flow front looks very much like a semi-circle. We introduce a comovingdsamwith the
dimensionless coordinates

X -Vt Y

= s = —. 4
x Y y=< (4)

In this co-moving frame, the flow front is given by (in dimensionless form)

n=n(,t) = (L =&y (. 1), 3)

1 Y
x:xf(y):ﬁ$f<ﬁ)’ -1l<y<1l 5)

Since the shape of the flow front resembles a semi-circle, the characteristic measure of lengkdirdation inG) is of the
same order as the characteristic lenigiin the Y -direction, meaning that bothandy are Q1) in Gy;.

In the flow front region, the velocity with respect to the flow front is independent of timmeaning that the components of
the velocityV = Ue, + Ve, may be written there as

UX, Y. 1) =Ve(1+u(x,y)), V(XY 1) =Vsu(x,y), (6)

wherev = u(x, y)e; + v(x, y)ey is the dimensionless velocity with respect to the co-moving frame.
In the sequel, we consider the problem for larger times, suchXthats> 4. This implies that far behind the flow front the
flow is considered to be fully developed and independent of time. Accordingly the velocity far behind the flow front is given by

2
vevn= 31 (2)). veo o

We assume that the temperatuf€X, Y, ¢) in G is governed by the energy equation; see [12, Eq. (4.64)]. To simplify the
problem, we neglect the effects due to energy dissipation and thermal expansion, and weamsbardensityc ,, the specific
heat, and. the thermal conductivity, to be constant, rendering the diffusion—convection equation for the temperature:

8T+U8T+V3T N 32T+32T @©
cpl — — — )| =M+ —=)
PP\ o TV ax T oy ax2 " 3y2

This differential equation has to be supplemented with a set of boundary conditions, such as:
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e The temperature at the inl&t = 0 of the mould is assumed to be constant and equgl.to

e The temperature of the fluid at the walls of the mould is taken to be constant and e@ual{to7;). We assume that the
temperature of the fluid in contact with the walls is also equdltohence T (X,Y) =Ty, forY =+h andX < Vyt.

e The thermal conductivity of air is much smaller than the thermal conductivity of the fluid (e.g. a polymer). Therefore, we
assume that the flow front may be taken to be thermally insulated, meaning tli&t oy € I", 7 /an = 0.

Since the types of flow are quite different @&y and in G, the respective convective terms in (8) are also quite different.
Therefore, we have to distinguish between the behaviour of the temperature far behind the flow Ephtdimd the behaviour
near the flow front (inGy;):

e Behaviour of T in Gy, far behind the flow front.
In G|, we assume the effect of the flow front negligible and consequently the temperature may be assumed stationary,
yieldingT = Ti1(X, Y), for (X, Y) € G|. Here,T{ (X, Y) is governed by the equation (derived from (8) with use of (7))

2
ch,,vf<1— (%) )%:AAH(X, Y). 9)
In G|, the following two boundary conditions fdaf are relevant (and as our further analysis will show, also sufficient):
- T(0,Y)=T;, for—h <Y <h;
— Ti(X,+h) =Ty, for (X, £h) € G|.
e Behaviour of T in Gy, the flow front region.
In Gy, the temperature is assumed to be stationary with respect to the co-moving{frameyielding 7 (X, Y, t) =
Tii (x, y). Transforming (8) to théx, y)-coordinate system, with use of (6), we obtain

ATy ATy 32Ty 9°Ty
hV —_— — )= — ). 10
f,ocp(u ox T ay ) ( ax2 + 8y2 (10)

The boundary conditions fdf are
— Atthe flow frontx = x ¢ (y), the normal derivative of; is equal to zero, so
oy, 9T
— —xp(y)— =0, onrl; 11
ax % (11)
- T (x,+1) =Ty, forx > 0.
e Behaviour of T in Gy, the transition region between G| and G .
This region is needed to match the solutionToin G| to that inG;. How this will be done, will be specified further on.

We proceed by making the equations derived thus far dimensionless. We have definaddv such that they are already
dimensionless and of order(D in G);. We introduce dimensionless variablEsY, V, Tj andTj;, by

~ X 4~ Y ~ 4 ~ T =Ty

X=—, Y=—, V=—V, T= .

R h 3Vy T; — Ty
Here, R is a characteristic length in th¥-direction of regionG|. Since we are looking at the behaviour for larger times, and
far behind the flow front, we assume thiat 2 > 1 (see also Table 1).
Substitution of these scalings into the differential equations and boundary conditicfissiod 7j| as derived previously,

renders the following set of dimensionless equationgf@and7j, :

12)

e The dimensionless temperatifie= 7} (X, Y) satisfies the differential equation

52,971 20%T) az'ﬁ)
( )9% '( ax2 " 972 (13)
where the dimensionless groipis given by (note that?, is the inverse of the Peclet number)
4RX
M=, (14)
3pcph?Vy
ands = h/R, with 0 < § « 1. Therefore, we will neglect the term precededSByn the diffusive term of (13), which leads
us to
o T} 327
1-Y?) = =i —=-. 15
(1-¥)7% =455 (13)
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Table 1

Numerical values for material coefficients

Symbol Order of magnitude Unit

R 6x 1072 m

h 6x 1074 m

Vs 1 ms—1

o 10 kg m—3

cp 103 Jkg~1k—1
A 1071 wm-1g-1

The boundary conditions fdf transform to
- T(0,Y)=1,for-1<Y <1;

- T(X,+1)=0, for X > 0.
e The differential equation for the dimensionless temperafyre- Tj (x, y) is

3Ty 7Ty 2Ty | 92Ty
bl Ll 0 _a —), 16
“ox TV%y (8x2+ 92 o
where), is given by
Ml =80A) = ———. 17
[ | PR 7
The boundary conditions fd?” are
— Atx=xs(y),andfor-1<y <L
Ty, 9Ty
— = — 18
x5y (18)
— forx <0,
T (x, £1) =0. (19)

As a standard for explicit numerical calculations, we will use numerical values, fﬁy, P, cp, R andh as given in Table 1.
Based on these values, we find thate 2.2 1072 and; ~ 1.6 - 10~4. Sinces = h/R, we writex; and) as

AR?

Al =8, Al =825\, with A = —,
pcph Vg

(20)
wherei =5/3. As§ = 102«1,we say thak = O(1), | = O(8), andij = 0(52), all with respect to the small parameter

This means tAhat bcgm and A are small parameters and that we may use asymptotic techniques to find solutions for the
temperatureq] andT7j. In the zeroth-order approximation, we omit the terms containingnd,; in (13) and (16), respec-

tively. This essentially amounts to neglecting the diffusive term xvith respect to the cAonvective term. By doing this, we find the
following differential equations for the zeroth-order approximatiﬂ)“ﬁsandfl? of T} andTj;, respectively,

0 DT
(1-7?)—% =0, (21)
oty | Oy
u—t+v—L=0. (22)
X ay

These equations express that bafhand 7,0 are constant along the streamlines. Sifice 1 at the inlet of the mould and

since all streamlines cross the inlet, this implies fjat= 7, = 1 everywhere in the mould (then, of course, dio= 1). This

solution does satisfy the boundary conditions at the inlet of the mould, and those at the flow front, but it does not satisfy the
boundary conditions at the walls of the mould, wh@re: T"” = 0. Therefore, we expect that there are boundary layers near

the walls where diffusion cannot be neglected with respect to convection. In the next three sections we shall investigate these
boundary layers in the regioii®, G| andGyj , respectively. The fundamental small parameter, responsible for these boundary
layers, is everywher& However, the size of the boundary layers is proportionaf'tavheren will have different values in the

three distinct regions.
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3. Boundary layer in G

In this section, we consider the boundary layers near the Wals+1 within G,. The fundamental small parameter,
responsible for these boundary layers, is higre- O(8). It will turn out that here the size of the boundary layer is proportional
to 51/3,

3.1. First-order solution
Since the problem is symmetric with respeciitowe only have to consider the boundary layer réas 1. We introduce a
new coordinate defined by
Y=1-ec. (23)

Here,e is the, still unknown, thickness of the boundary layer, and O(1) in the boundary layer. Replacementioby ¢ in
(15) yields (omitting the hat iX)

AT N 02T,

€0(2-€0)

Since we want the left-hand side of (24) to be of the same order as the right-hand rsidgt, satisfy
S=1=00) = e=3In=00Y3. (25)
With this choice fore, (24) can be rewritten as

AT 92Ty 0T

oX ez T ax” (26)

After neglecting terms of orderin (26), we arrive at the following differential equation for the first-order asymptotic boundary
layer solution inG), denoted byr = T1(X, ¢),
2 aT'l BZT'l 0, forx=>0 0 (27)
—_— = or .
e 9X 0¢2 , >0, 0>
The boundary conditions fdfll are given by
M0, =1 THX,0=0. (28)

In order that this boundary layer solution aner solution) matches with the zeroth-order solutiauier solution), we require
that

for¢ > e lroo THo10=1 (29)
To find the solutiory (X, ¢) of (27) satisfying the conditions (28), (29), we assume that there exists a similarity solution, which
means that we assume tI’Y?#(X, £) can be written as

X ) =T, (30)
with o = ¢ X%, for a certain value fow. Written in terms obr, the partial differential equation (27) transforms into the ordinary
differential equation foff;} (o) (after multiplication byx ~2*)

drl o7l
2a§2X_“_l$ - da—£ =0. (31)

To be able to eliminate both and X from (31), 22X ~*~1 must be a multiple of, implying that there must exist & € R,
such that

(2x—*1_ B _ B xob, (32)
Eqg. (32) has exactly one solution ferand 8, namelyg = 2 anda = —1/3. Substitution of these values ferand g into (31)
yields

3 do tar %)
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Sincea < 0, the boundary condition & = 0 and the matching condition fgr— oo both imply a boundary condition fd’ll
for o — oo, which might lead to a contradiction. However, siﬂ(}%—> 1 for bothX = 0 and¢ — oo, this is not the case here,
and the conditions (28) and (29) transform into the boundary conditionﬁ]for):

710 =0, and Tt(cc0)=1. (34)
Eq. (33) can be integrated twice to yield the solution

1 [ — 253
TiHo)=C [ € 5 ds + D, (35)
0
whereC and D are integration constants. From (34), it follows titaand D are equal to

0o -1

C=</e—5S3ds> . D=0, (36)

0
yielding the final solution folel, written in terms ofX and¢, in the form
¢/ IX
1 _ 23
THX, ) =C / e 9% ds. (37
0

This result represents the first-order term (i.e.dos 0) of the inner solution in the boundary layer¥at= 1. With this result,
we can derive an expression for the thickness of the boundary laygr. We define this thickneds,; = hy;(X) as the value
of (h — Y) at which the scaled temperaturediffers O(¢) from the scaled inlet temperature, that is

Ti(X,5p) =1—c¢, (38)

where¢; = hy;/(eh). For the determination (roughly in first order) gf;, we use the first-order solution (37), and we make
use of the asymptotic expansion of the right-hand side of (37) for large valugsiX, reading

Ti(X, gpp) = 1— e %°/OX), (39)

Equating (38) and (39), and eliminatigg; in favour of;;, we obtain

h 9. 1 PN
eI ZXlog( =) ~ J-238X logs, (40)
h 2 €

where we have used (25) fer
The second-order solution f@§ (of O(e)) will be calculated in the next subsection. A comparison with numerical results
will be presented in Section 3.3.

3.2. Second-order solution

The solution (37) is a first-order asymptotic boundary layer solution of (15). We can find a second-order solution, by assum-
ing that the solution of (15) can be written as

Ti(X,Y)=Ti(X,1—€¢) = T{X, {) + € T[A(X, {) + O(€?), (41)
wherele(X, ¢) =0() for ¢ = O(1). Substituting (41) into (17), using (37) and neglecting terms of ordewe obtain

2 g— Ei—sz—c3§—:3 e 2%/(9%), 42)
The boundary conditions fcif’l2 are

TA(X,00=0,  T7(0,¢)=0, (43)
and

T|2(0, ) — 0, for¢— oo. (44)
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Table 2
Comparison between asymptotic and numerical results-atl
Y value Asymptotic solution Num. sol. Relative difference

T1 T Thum ATy AT,
0.2 1. 1. 1. 0 0
0.4 0.9990 0.9980 0.9972 0.0018 0.0008
0.6 0.9465 0.9322 0.9294 0.0184 0.0030
0.7 0.8241 0.8033 0.8009 0.0290 0.0030
0.8 0.6031 0.5846 0.5831 0.0342 0.0026
0.9 0.3131 0.3032 0.3024 0.0354 0.0026

Analogous to the first-order solution, we will try to find a similarity solution of (42). We assume?}%aian be written
as T|2(X, {) =¢F(o), whereo = ;/377. With this assumption, the partial differential equation (42) turns into an ordinary
differential equation forF (o) (after multiplication by— &/X)

2
(503+2)F/(0)+0F”(0)= %038_%(73. (45)

The differential equation (45) is a quasi-linear ordinary differential equation. Therefore, the general solution of (45) can be
composed of the solution of the homogeneous system plus a particular solution, where the latter can be found from the first by
the method of variation of constants. This leads to
o 1 C o C o0
_ _ 243 3 258 _ 3 258
F(a)_Cl/s—Ze9 ds+C2+1—5/se9 ds_—1—5/se9 ds, (46)
o 0

o

becaused”(0) must be finite & Cq1 = 0) andF (o) should go to zero at infinity (this determin€s).
Thus, the second-order asymptotic boundary layer soluq'r’o'rs given by

o0
T2(X.0) = —% $3e 55 . (47)
¢/ Ix

3.3. Numerical results and comparison of first-order and second-order solution

We compare the asymptotic solutioR8(X, ¢) and71(X, ¢) +€T}2(X, ¢), whereT! and7}? are given by given by (37) and
(47), respectively, with a numerical solution of (15) calculated by a finite-difference method. In Table 2, the numerical results are
presented for a scheme of 80 grid points in b&tAndY -direction. The local truncation error is of orde(@Xz) + O(AYZ).
With AX = AY = 1/80, this means that in Table 2, the first 3 decimals of the valueBnfgn are significant. In this tabld}y,
Tp, ATy and AT» correspond to

NN =T (X.— ), XY =(T+T7)( X, — ),
€ €
T, —T T — T,
ATy = 1 num’ AT, = 2 num’ (48)
Tnum Tnum

where we have chosen faf the valueX = 1. In dimensional variables, this corresponds witk= 6 - 10~2 m. Moreover, we
have taker.| = 0.01, corresponding to a value ef= 3/, = 0.215.

From Table 2, it follows that the asymptotic solutions and the numerical solution are in good agreement with each other.
This despite the fact that the parametet . = 0.215 is not really very small. The relative differences between the numerical
solution and the first-order and second-order asymptotic solutions are of the same order, and are in fact only of some relevance
very near to the walls at = +1. We conclude that for practical purposes the first-order asymptotic solution suffices. This is
confirmed by the graphs fd?,l and T,2 shown in Fig. 2(a) and (b), respectively, where forthe valueX = 0.5 is chosen.

From Fig. 2(a) we see that the boundary layer here reaches:t®; for ¢ > 2 the temperature is equal to the inlet temperature,

Ty = 1. Moreover, Fig. 2(b) reveals that the second-order corredﬁ?o& (T1 — T») /e is maximal somewhere in the middle of

the boundary layer, but even there the total correction remains below 1% of the inlet temperature. Hence, for practical purposes
the first-order approximation suffices.
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Fig. 3. A set of isothermals fcjfl1 in the (?,;)-plane in the regiori;| far behind the flow front region.

In Fig. 3, we have depiActed a set of isothermals, ranging ffom0.9to 7 = 0.1, in thef(—;-plane in the regiorG|, so
near the upper wall (wherg = 0). We observe that the isothermals initially, that is for smxaNalues, behave rather steeply;

this is due to the large difference between the inlet temperature and the wall temperature. However, they strongly flatten for

increasing?. The major changes il in the vertical orY -direction take place within the @)-range O< ¢ < 1 (the boundary
layer) near the wall.

4. Boundary layer in Gy

In this section, we assume boundary layers in the upper and lower parts of the flow front@Gggiwear the points = 0,
y = %1. The fundamental small parameter, responsible for these boundary layers,ig keté). = O(52).

4.1. Temperature problemin the boundary layer in G
Since the problem is symmetric with respectytove only have to consider the boundary layer near 1. We introduce a
new coordinate systeli, t), wheres andt are defined by
X = —€10, y=1—eot. (49)

Here,eq ande; are, still unknown, characteristic measures for the thicknesses of the boundary layer-tiggs -directions,

respectively (see Fig. 4), where<0eq, €2 <« 1. To determine4 andeo, we substitute (49) into (16), and choageandes such

that the leading order terms in the resulting differential equation include both diffusive and convective terms.
Substitution of (49) into (16) yields the following differential equation for the temperature in the boundary layer:

W dT v oT A 82T Al 32T

—_——t =t - —, 50
€100 € 0T 6% 902 e% 972 (50)

where

T(0,7) =Tii(—€10,1— €21),
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Fig. 4. Global and detailed view of boundary layer near the paint) = (0, 1).

u(o,v) =—u(—€10,1—e21),
(o, 7) = —v(—€10,1—€21). (51)

For (x, y) = (0,1), u(x, y) andv(x, y)) are equal to

u(x,y):—1+o(,“/x2+(1—y)2), (52)
v(x, y) =o(,“/x2+(1—y)2). (53)

Therefore, folo = O(1) andt = O(1), #« andv may be approximated according to

u(o, r):l—}—O(ﬁe%—}—e%), (54)
v(o,T) = O(ﬁef + 6%) (55)

After substitution of (55) into (50), we find the differential equation for the temperature in the boundary layer:

and

and

AT Ay 32T  ajeg 02T €
AT AT 0y, €). (56)
do €1 902 e% 9t e

! U 0l

In this differential equation, term | is of @). Therefore, we get the ‘richest’ differential equation, if both terms Il and Il are
of O(1) too, resulting in the following choice far andes:

€1=€2=2) =28%h = e <1, (57)

soe is proportional tos2 here. B
This renders the following differential equation f6r which is valid in the boundary layer at the upper part of the flow front
3°T  9°T 9T
—+——-2—=0, for 0. 58
902 972 do t= (58)
For a complete formulation of the temperature problemTome still need the boundary conditions for (58), which follow
from (18), (19). Moreover, we will need matching conditions to match the boundary layer solutiGhstiothe zeroth-order
solution inG, (i.e. T = 1). We start with the boundary conditions.

e The boundary =1, x < 0 corresponds te =0, 0 > 0. HenceT (s,0) =0, forallo > 0.
e The boundary = x¢(y), for0<y <1, x > 0, i.e. the flow front, corresponds to

1
—eo=xr(l—€7r) and Ogrgg. (59)



4.2.

H.J.J. Gramberg, A.A.F. Ven / European Journal of Mechanics B/Fluids 24 (2005) 767-787 77

Sincex ¢ (¢) is a monotone decreasing functiongiror 0 < ¢ < 1, the equation for the upper half of the flow front may be
rewritten as

er=1-— x?l(—eo), foreo <0, (60)

wherex 1 is the inverse function af ». Using a Taylor series expansion fOFl(x) in the neighbourhood of = 0, we
derive the following implicit equation for the flow front within the boundary layer in terms ahdz

1 , 1 4 L 1
= z(l—x;l(O) + (xjjl) Oeo — E(xf Y 0e%o? + 0(63)> = (xf Y 0o ~ E(xfl) (0)ea? +O(e?),

holding for allo <0, as long ag = O(1) for ¢ — 0. Here, we used the fact thﬁ;l(O) = x;l(xf(l)) =1

Since the flow front is tangent to the wall in the poiat t) = (0, 0), (x}l)’(O) = 0. Using this, (61) indicates that in the

boundary layerr = O(e), for o < 0.
The boundary condition at the flow front following from (18) can be written as

aT 1 aT
— = (61)
at Xy (1—e€7) do
Since
1 _1v
— - = —e0) =O(e), 62
Ta—en (x71) (—e0) = O(e) (62)
and since: is chosen such thafl' /9o is finite, the boundary condition at the flow front reduces to
aT
— =0(e). (63)
at

The solution in the boundary layer must match with the inner solufor: (). Therefore, we require that for ail € R,
T (o, 7) — 1 fort — 1/e. Moreover, we assume tha@io, ) = O(1) for all o and for allz > 0.

First-order solution

In the previous sections, we derived the differential equation for the temperature in the boundary l&yertagether

with the pertinent boundary conditions, for smallFor the first-order solution, we let— 0, which leads us to the following
problem forT (o, t) in the half planer > 0:

2T 92T _aT

W ﬁ_za_gzo, >0 0cR; (64)

T(0,00=0, foro >0, (65)

oT

5, (@0 =0 foro <0, (66)
T

T(o,t)—>1, fort— o0, o €R. (67)

We replacel’ by a new functionp = ¢ (o, 7), defined according to

for

¢, 1)=€"7(1-T(0,1)), (68)
which goes sufficiently fast to zero fgr— +o0, to assure that its Fourier transform
o
Pw. 1) =F(p0.1);0 = w) = / ¢(0, 7)€" do, (69)
—0o0
w € C exists.
From this definition, it follows thap (o, 7) satisfies the following differential equation, valid on the half-plane0,0 € R
%y 9%
—+ —= =9, 70
do2 = 912 ¢ (70)

together with the boundary conditions
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¢(0,00=e"7, foro >0, (71)

d

g(a, 0)=0, foro <0, (72)
and

¢(o,7)— 0, fort — 00, o €R. (73)

The system (70)—(73) can be solved by using a Wiener—Hopf technique along the same lines as presented by Carrier et al. [13
Section 8-1]. This results in the following expression #@fw, )

I S e
®(w, 1) (w+i)me , (74)
which is valid fort > 0 and—1 < Im(w) < 1.
This result should be compared to the second equation of (8-12) in [13]; in fact, it can be obtained from the latter equation
by lettinga go to zero, and replacingby 2o anda by (A +i)/2 (the reason for the latter is that we have to replace our function
¢ by € ¢ in order to get the same problem as in [13], and this leads to a shifirirthe Fourier transform).
To find ¢ (o, ), we apply an inverse Fourier transformation®dtw, t) with respect taw, i.e.

1 00+id

p 0= / ®(w, )& dw, (75)
T
—00+ié8

with —1 < § < 1. From (74) and the definitions qfw? + 1 andv/w — |, it follows that for allt > 0, ® (w, 1) is analytic inC
excluding cuts from i todo and from—i to —ico along the imaginary axis. Therefore, in order to find a closed form fer 7),
we may use contour integration. Since(Réew) > 0 for Im(w) > 0, and vice versa, we choose a closed contur the upper
half of thew-plane to calculate (o, 7) for ¢ < 0, and a closed contou? in the lower half of thew-plane to calculateé (o, 7)
for o > 0, excluding the cuts fronti to tioco along the imaginary axis. More specific, we cho@sand D to be the boundaries
of Gt andG—, respectively, wher&= are given by

GT:={zeClImM@)>81Alzl <RAlz—il>enz¢lT}, C=0dGT, (76)

G :={zeC|Im@) <82 Alzl <RAlz+i|>enz¢l ), D=03G, (77)
with

I'*:={zeC|Im(z) > 1ARe(z) =0}, (78)

I7:={zeC|Im(z) < —1ARez) =0}. (79)

In (76) and (77)§1 andé» are arbitrary constants between 0 and 1, wiRilande are positive constants such thats 1 and
1— € > (81, 82). By taking limits forR — oo ande — 0, we will derive a closed-form expression (o, 7). To calculate this
expression, we splif and D into six disjoint parts:

C=C1UCUC3UC4UC5UCg, D =D1UDyUD3UDygU DsU Deg, (80)
as shown in Fig. 5.
First, consider the case where> 0. Then,§ — —§> in (75), and thus
]_ . .
¢(o,7) = — lim / ®(w, 7)e ' duw. (81)
27T R—00
D1
Since® (w, 1) is analytic inG—, the contour integral alonfp must be zero, so
fé(w,r)e_i”wdwz— / & (w, 7)€ du. (82)
Dy D2UD3U---UDg
Since R&yw?2 + 1) > 0 for all w for which it is defined, it follows from (74) that for all > 0, @ (w, 7) = O(R*3/2) for

lw| = R — oco. Therefore, from Jordan’s lemma (see [13, pp. 81-82]) it follows that

lim / @ (w, 7)€ 17 dw =0. (83)
R—o0
DoUDg
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Fig. 5. Contours” and D in w-plane.

In the half-plane Imv < 0, @ (w, 7) has one singular point, being a pole of order % ia —i. Therefore,

lim [ @, o) e10% gy = 27iRes,—_ @ (w, 7)€ 17 = —27 677, (84)
Dy
Finally, we have to integrat@ along D3 and Ds, wherew = —iv =+ ie, respectively, withv > 1, and O< € <« 1. Using that
Re(~/ w4+ 1) >0, for all w, we deduce that fow € D3 U Dg,

\/wz—-a-l:,/(—iviie)2+l%¢im< 16), (85)
yielding, fore — 0,

Vw2 +1=Five2 -1, (86)
for w € D3 or w € Dsg, respectively. Analogously, we deduce

Vo= (87)

V2
for w € D3 U Ds.
From (86) and (87), and wit according to (74), it follows that

e /o1 00 N
drvv -1 —oA/ x4 +1 i
/qs(w T) eI gy = |f/ e %Vdv=—iv2 / © €7 dx, (88)
v-Dvv+1 2+1/VxZ+1-1
D3 V2e+e?

where we used the coordinate transformaitica v/ x2 + 1, and where we leR — oo.
Similarly, the integral alon@s is given by

—(r\/x2+l .
/@(w T)e 1Y gy = iv/2 / *'”dx. (89)

s Vg VEELYAE A

Summing up the integrals in (88) and (89), and letting- 0, we find

P x241

/ @D (w, r)e_'”wdw—Z«/—/

D3UDs vxe+1L/vVxe+1-1

sin(tx) dx. (90)
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Note that although the integrals in (88) and (89) are divergent fpf, the integral in (90) does converge for~ 0. Recol-
lecting all the results derived above, we thus obtairofor O,

Y
¢(o,1)=€7 — @ c . sin(tx) dx. (91)

T Va2 /VaZ+1-1
Next, we consider the case where< 0. Analogous to the previous case, we can derive
Nl Va2 +1
@0, 1) = 7 /
b Vx24+1yvVx2+141

cog(zx)dx, (92)

foro <O.
The integrals in (91) and (92) may be interpreted as Fourier transforms with respett {@4] it can be found thap (o, 7)
for botho > 0 ando < 0 is given by

oo, 1) =€7 Erfc(\/v02+r2—a>. (93)

From (68), it then follows thal (o, 1) is equal to

T, 7)=1-€ ¢ (o, r)=Erf(\/ \/02+z2—a). (94)

Here, Erfz) and Erf@z) are the error function and the complementary error function, defined as

Z
Erf(z) = % / e’ ds, Erfc(z) = 1 — Erf(z), (95)
0

respectively. _
At this point, we have derived a solution fdi(c, 7). It is easily checked that this solution indeed satisfies all the equations
and conditions of system (64)—(67).

4.2.1. Similarity solution .
The specific form of the solution (94) suggests that, just as in (30), there exists a similarity solution irf\hieh is only

a function ofp = p (0, 7) =/vc2 + 2 — o. To show that this is indeed true, we start from (64), which we first transform to
cylindrical coordinates by taking

o =rcosp, t=rsSing, ¢el[0, ], (96)
yielding for T = T'(r, ¢)

19 (aT 19°T dT  2sing 8T

T (r—)+5— —2cop— e 9% _o, (97)

ror\ or r2 9¢? or ro 3
Expressingo in terms ofr andg, we obtain

p=pr, @) = Jr —rcosg = v2rY?sin(p/2). (98)
Assuming thaff (r, ¢) =T (p), and using this in (97), we arrive after some elementary calculations at

1

5 [T (0) + 207" ()] = 0. (99)

This ordinary differential equation has the general solution
P
T(p)=cq f e dr + co. (100)
0

The boundary conditions (65) and (66) can be written as

e foro >0,
T@0,00=TF0)=T(0)=cr=0; (101)
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Trr=0.9 T

I

L 2

-1

T;r=0.1 o
-1

Fig. 6. Isothermals foff};, based off (o, T) according to (94), in the boundary layer in e 7)-plane near the flow front region.

e foro <0,
aT 10T o
—(0,00)=———(,7)=0 (identically); (102)
at r d¢
o foro eR, 7 — o0,
T(o, 1) —> f(r — 00,9) = T(p — 00) — gcl =1 (103)

Hence,c; = 2/./m andcp = 0, rendering our previous result (94).

4.2.2. Thickness of boundary layer
We can use the here obtained similarity solution for the determination of the thickness of the boundaryday€rén op,;
be the value op at the border of the boundary layer. Then, we figd from Erfc(pp;) = €, resulting in

b = y/109(1/€)(1+ 0(1)) ~ /—2logs. (104)

Oncepy; is known, we find the dimensionless thicknegs of the boundary layer froer/a2 + rbzl —0 = pgl, yielding with
hp = Zh)ALSZTbl

/’lbl 2.2 2 2()' 22 o
— =2\8%p;; |14 — ~—4Ar8logs [1— —. (105)
h bl g V~  logs

From this, we see that; | 0 foro — —pgl/z ~ logs. This o -value corresponds to = —23§2logs, and indicates the right
end point of the boundary layer @, .
Moreover, ifo > p,fl ~log(1/8) then

h A A ~ [Vt —X
4%~m%m%wmﬁhmmzwawlffkmw, (106)

where the latter step follows from (49), (57) and (4).
4.3. Numerical results

We have calculated a set of isothermalsTpfin the (o, t)-plane inside the5) -boundary layer. The results are depicted
in Fig. 6. From this figure, we see that only a small part of the boundary layer enters the flow front eegidh,Moreover,
we observe that the temperatures near the wall in the flow front regjoare much higher (very close to 1) than those in the
upstream directiono( > 1). This effect is caused by the convection due to the fountain flow in the front region.

The boundary layer immediately behind the flow front, i.e.da# 0, has to match with that i67); ; how this is done, will
be shown in the next section.
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5. Temperature problem in the boundary layer in Gy
5.1. Differential equation and boundary conditions

In Sections 3 and 4, we derived (stationary) solutions for the temperature in boundary layers near the upper and lower wall
of the mould that are valid i6;| and G, respectively. We still need to find a solution for the temperature near the upper and
lower walls in Gyj, which couples the solution iG7| to that in G|,. Due to the symmetry of the problem, we only need to
consider the solution near the upper wll= .

Written in dimensional coordinates, the temperatfifein G| satisfies the differential equation (8). We choose here the
following scaling forz, X, Y, U, V, andT:

e Fort, X, Y, we take
R . “~
t=—1f, X=RX, Y=h—eshn, (207)
Vr
where O< €3 « 1 but still unknown, and) > 0 and of Q'1) with respect tc3.
e Since already at distances a few timiebehind the flow front, the velocity resembles strongly that of a fully-developed
flow, V is taken equal t&/ =0 in Gyj;, andU to

3 Y\?\ 3
U= va (1— (E) ) = Zfogn(Z—E:gn). (108)

o Similar to the previous sections, we sc@l@ccording to
T(RX,h(1—egn), Ri/Vy) = Ty

T (X, n.f) = 109
(X, n,1) T T, (109)
Substitution of (108), (109) into (8) renders the differential equation for the tempef@tune Gy :
T | 3 3T M ( 22027y 32T|||>
— + - 2— — = — 8 —5+—5 |, 110
or TanCran e = G\ @ e T2 (110)
where
Al = ———— =84 = 0(5), 111
i pep Vi ©®) (111)
see (20).

Since the diffusion term in th&-direction has a factors252, diffusion in theX-direction may be neglected. In (110), we
assume that the diffusion term in thhedirection is of the same order as the instationary term. Therefore, wetadgual to
€3 = /A = 0(6Y/2) « 1, which results in

aTy , 3 T 92Ty
— + —€e3n(2—e€3n)—= = —5-.
31(2—€3n) e o2

a4 (112)

The boundary conditions are given by

Forn=0,0< X <7: Ty =0.
Forn — 1/e3: Tj) — 1.
For)A(—>f,O<n<1/e3: T ~ Ty -
ForX — 0,0<n<1/e3: Ty ~ 1.

5.2. First-order solution

We will approximate the solution of (112) fdf; with the boundary conditions given above, by taking— 0 (hence
1/e3 — o0). This leads us to the differential equation for the first-order approximaﬁpru)f T :

ATy 97Ty
of a2’ 4

with boundary conditions similar to the ones above.



H.J.J. Gramberg, A.A.F. Ven / European Journal of Mechanics B/Fluids 24 (2005) 767-787 783

Since (113) is independent &f, we can solve the problem for eaﬁwseparately. Note that (113) has a solution of the form
n+Ca(X)

nﬁo?,n,f):clo?)Erf( =
2./t + C3(X)

) + Ca(X). (114)

Forn = 0, we require for allX with 0 < X < 7, that

C2(X)

2./t + C3(X)

T (X,0,7) = C1(X) Erf( ) +Ca(X) =0, (115)

yielding, C2(X) = C4(X) =0.
For n — oo, we require

TH(X.n—o00,)=C1(X) =1, (116)

from which it follows thatCy (X) = 1.
To determineC3(X), we must look at the behaviour of the temperature in regignwhere the temperature is given by (see

(94)),

T=T(0,1)= Erf(\/\/02+t2—0). (117)

Here,o andt are given by (49) and; andes by €1 = eo = 2 = 251, (see (57)). Hence, written iX andn coordinates,
first using (4) and then (107) and (11&)andt are found to be equal to

R x 17-X R 1-y 1 g

o=—— —5=

= —=—F T= . = —— 5"
h 232 25 83 h 2e32  o./58%/°

(118)

The temperature i, expressed in terms of andy, follows from (117) asX < 7, andX not in as-neighbourhood of )

s . 1 [ o5 - C o
Tll(Xvn,t)=Erf<\/2):83{\/(t—X)2+)»63n2—(z—X)})

- Erf(L 1+ 0(53))>. (119)

Xi—-X
Comparing (119) with (114), we infer thatg,()?) = —X. All this leads us to the following solution fdﬁﬁ :
n/2./i—-X

@i =erf( ) =2 e ds. 120
11 —

20/i-X/) 7

The first-order approximation of the temperatdrén G, is given by (37) as (Wit — X)

0%

-~ 2.3
T(X,0)=C / e 5% ds, (121)
0

with C given by (36).
We continue with the determination of the thickness of the boundary lay@jjjinLet n;; be the value of; at the border of

the boundary layer, wherB) =1 — e3. Using (120), we then fingy,; from Erfc(ny;/2,/f — X) =¢, resulting in

1
L~ /Zloges ~ —3logs, (122)

~

2./t —X

yielding for the thickness of the boundary layer

— - V=X
%:\/ZAS\/t—X\/—Iog =255,/ fth J/=Togs. (123)
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The precise position of the interface betwe&gy andG| is not so relevant for our further investigations; we are more interested
in the part ofGy); in the vicinity of the flow front (directly behind the flow front). Therefore, a rather rough estimate for the
transition zone betweei); andG; suffices for us. Wittt = (3/4)1/3(3.6)1/65, as follows from (23), (25), and (111), we see

from (121) and (124) thal; and 7} become of the same order whahbecomes so small with respect&,othatg/f/? =

(3/4X)Y/3(3.6)Y/6y ~ n/2yi — X ~ n/2V/i, as is the case whek ~ 6(15)1/2/3/2 (thus X /7 = O(81/2) « 1, indeed). This
indicates that the left boundary 6fj) , i.e. the interface betwee®;; andG), must be somewhere arouxd~ 6(3.8)1/243/2

5.3. Second-order solution

We can find a second-order solution of (112) by assumingfijatan be written in the forrdiy = 7ji; + e37;5 + O(ez?),
where Tlﬁ is of order Q1). Substituting this form into (112), and retaining only first order termggnwe arrive at the
differential equation foff3 :

2 252 1

i | °Ty 3 9Ty 6 s o2

0%, 0T 3 0% _ 6 % e (124)
ot an? 293X  Jmon

according to (120), and with= 7/2,/(f — X).

The boundary conditions delﬁ follow from the boundary conditions listed at the end of Section 5.1. However, the third
and the fourth condition are only relevant for the matching of the three boundary layer solutions. Here, we discuss this matching
only up to the first-order matching and, therefore, the latter two boundary conditions need not to be considered here. So, there
remain:

e Forn=0,0<X <i: 7j% =0.
e Forn — oo: TI|2| — 0.

Eq. (124) has a solution of the fori?lllzl (X, n.7) =n¢(s), whereg satisfies the differential equation:
1 3 .
559"+ 1+52¢'(5) = ﬁﬁeﬂz. (125)

The general solution of (125) is given by
3 1 o
N Vs

Hence, the general solution f@]ﬁ in terms ofs andy is given by

$(s) = g Erf(s) — ——se™" + C(Erf(s) + S2> +D. (126)

3
47

whereC and D are to be determined by the two boundary conditions given above.
The first boundary condition says thqﬁ =0, forn =0, but then alse = 0. Taking in (127) the limit fo,; | 0 ands | O,
we find that

T =T (s,m) = n(g Erf(s) — se s’y C<Erf(s) + % eﬂ‘z) + D), (127)

~2 . C n C ~ =
7,5 (0,0) =lim ——- = —+vt—X =0, 128
it (0.9 MWOVTs  JT (128)

from which it follows thatC = 0.
For the second boundary condition, that isfer oo, we haves — oo, andTlﬁ — 0. Since Erfs) — 1 fors — oo, it must
hold that 38+ C + D =0, and hencé = —3/8. Thus, we arrive at the second order solution for the temperaturg,in

~ 3 2
Tlﬁ = T”2| (s,n) = §n<El’f(s) -1- ﬁs e_sz)’ (129)

In the next section, the effect d1'||2| on the total solution is numerically evaluated; it is shown that the effect is small but
observable.
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0 1 2 3 U

Fig. 7. The first-order solutioﬂ“lﬁ (dashed curve) and the second-order soluﬁﬁﬁn+ engﬁ (solid curve) for the temperature ifij; as a
function ofy forf — X =0.3

@ (b)

Fig. 8. The isothermal3j; = 0.5 (solid curve) andfj;; = 0.5 (Qashed curve), showing the matching oAfthe bounda}r\y-layer temperdjures
and7y near the flow front interface; (a) global view in tie— X, n)-plane (along the horizontal axis — X)/zS2 =F-X)x10%is plotted),
(b) detailed view in théo,7)-plane.

5.4. Numerical results and comparison of first- and second-order solutions

We have calculated the temperatdig in some cross-section i@ , i.e. atf — X = 0.3, as a function ofy, especially near
the upper wall. We did this for both the first-order and the second-order solutions. The results are depicted in Fig. 7. Comparing
the two solutions, we conclude that the differences are small. We also did some numerical (FEM) computations and found
corresponding results. From Fig. 7, we observe that the temperature goes to its inlet valye12fdior § = 0.01, this means
that the upper boundary occupies about 20% of the cross-section ¥t= 0.3.

To illustrate the result of the matching of the inner solutions in the boundary layérg ehd G, at the interface between
these two regions, we have depicted in Fig. 8 two isothermals, both f10.5, in this interfacial region. This interface is
closely behind the flow front region. In the left part of Fig. 8, we depict a global view {fa Q?), n)-plane on a length-scale
of (8)h; this figure shows a perfect matching (in fact, the dashed curve and the solid curve almost completely overlap each
other). To make the differences betwe®nandTj; more clear, we also draw a detailed view irsar)-plane on a length-scale
of (82)h in the right part of the figure (see (118) for the relationship between the respective length scales). Here, indeed some
difference is observed (as it should be), but this figure also shows that these curves tend to overlap for incressisg
confirmed by the left graph.

6. Conclusions
In the preceding sections, we have considered the heat flow in a fluid entering the narrow region between two fixed parallel

plates. The fluid flow has a free surface, the flow front; the shape of the flow front (almost semi-circular) and the flow patterns
in and behind the flow region (fountain flow and 2-D Poiseuille flow, respectively) have been calculated in a previous paper [1].
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We found that in the bulk of the fluid the temperature remains (to first order) equal to the inlet temperature; this is due to the fact
that the flow is convection dominated there. Only in boundary layers near the cooled walls the temperature drastically changes.
We have found three different types of boundary layers referring to three distinct regions of th€ flo@; andG; . We now

review the results in these regions:

(1) In Gy; the region far behind the flow front.
In this region, the influence of the flow front can be neglected, and thus the flow here is a pure Poiseuille flow. The
temperature in this region is stationary with respect to a fixed frame. The small parametéch is a measure for the
thickness of the boundary layer, is here related to the dimensionless heat conduction coffieids/3 = O(5) < 1,

according tos = ,3/ 45./381/3_ The inner solution within the boundary layer is governed by a convection—diffusion equation

for the temperaturd, whereas the outer solution, outside the boundary layer, i.e. in the kernel of the flow, is convection
dominated. The inner solution was found in terms of a similarity solution, and both a first or@d@} é0d a second order

(O(e2)) asymptotic solution was derived. Despite the fact that the parametas not really very smalle(= 0.21) the
differences between the first- and second-order solutions were minimal (only of some relevance very near the walls). The
asymptotic solution was compared with a numerical solution, and again the agreement was very good. Ghat, ior

not very small implies that the boundary layer in this region is relatively thick. If we define the border of the boundary
layer as the place where the scaled temperature différs ftom the scaled inlet temperature, we found for the thickness

hp; of the boundary layer il6;)

hbl 3 A o~
— =4/ —2\8Xlogsé. 130
p . og (130)

In Section 5.2, we derived that the values 10in the regionG, are restricted by & X < 6(18)Y/2(V1/R)/2. Hence,
the regionG, is time dependent, and its area is increasing with time.

(2) In Gyj; the flow front region.
The type of flow in this region is a fountain flow, which is stationary with respect to a comoving frame (moving with
the constant speed of propagation of the flow front). Therefore, also the temperatiyesrtaken to be stationary with
respect to the co-moving frame. In the main partf the heat flow is convection dominated, implying tlat 7; in
G|, except for two small boundary layers in the upper and lower tips of the flow front region. These layers extend to
narrow layers at the walls in the region immediately behind the flow front. The small parantetes ise = A = 2522,
which is much smaller than the one @y, so the boundary layers here are much thinner than tho§g.ifThe inner
solution, of convection—diffusion type, was found by means of a Wiener—Hopf technique. It turned out that this solution

could be written as a similarity solution, i.e. & (o, T) = Erf(p), wherep = p(0, ) = /v o2 + 12 — 0. We found that

the thicknesg,,; of the boundary layer as function efis given by

hot _ 5e2 2 20 522 il
— =2A8%p5; |1+ — ~—Aslogs |1 — ——. (131)
h bl Py logs

Moreover, the right end point of this layer, whérg | 0 was found fow — logs.

(3) In Gyj; the intermediate region betweéh andGj, .
Also in the intermediate regio6); a boundary layer exists, forming the connection between the boundary lay@ys in
and Gy;. The smalle-parameter here ig/A = 0(5Y/2), which is large compared to theparameter inG;; and small
compared to the one i6|. Again, an inner solution was found as a similarity solution; see (120). Moreover, a second-
order solution was derived, and the results of the first- and second-order solutions were compared to each other, and to ¢
numerical solution; good agreement was found.
In Section 5.2, we showed that the solutiondhy; matches perfectly with the inner solution @, while a good
matching with the solution irG| is obtained when the interface betweépy, and G| is taken somewhere near to
X = (A8)Y/2(v¢1/R)%/2. Hence the regioGy ranges fromX = (18)/2(V¢1/R)%? to X ~ Vt/R. Therefore, in the
region which we refer to as “egion (closely) behind the flow front” we must use for the temperature the solution found
for Gy -
In Section 5.2, we have found for the thickness of the boundary layer

Vet
hbl =23 f “logs, (132)
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which is of the same order as the one found in (106) (the difference of the factor 2 is due to the two diffeaeamneters
used inG| andG ). Hence, we can conclude that the boundary layers filgpand G match perfectl;i
From (130) and (132), we see that the borders of the boundary lay6isandGy;; coincide at (provided « 7)

X= %ﬁ(—ia log$)L/2(7)3/2. (133)

Note that this place is within the range of the interface betw@emand G| as estimated at the end of Section 5.2 by
matching.

To conclude, we like to explain in how far, in our view, the results obtained here can be used for an investigation of flow front
instabilities. We found that the temperature distribution shows boundary layers near the walls of the mould. The hope that these
results can be used for an explanation of the instability (wobbling) of the flow front is based on the expectation that the wobbling
could be driven by asymmetric temperature distributions. This asymmetry influences the flow, and this is most manifest in the
boundary layers. In this context, we notice that an asymmetric flow front causes differences in temperature, and thus also in
viscosity.

To explain our view further, let us assume there is initially an asymmetric flow front (for instance due to an asymmetric inlet
of the mould) and that at certain timehe contact point of the flow front with the upper wall is farther (in fhalirection) than
the corresponding point at the lower wall, igg:(+h, 1) > & ¢ (—h, t). In that case, the fluid near the upper wall will cool more
than the fluid near the lower wall, and so the fluid will become stiffer (larger viscosity) at the upper wall than at the lower one.
Consequently, the fluid will be retarded at the upper wall with respect to the fluid at the lower wall and, thus, the asymmetry
will flip. This means that at a somewhat later time the flow front is farthét at—h than atY = +#4. This cyclus will repeat
itself and then the front is wobbling. Hence, the differences in viscosity can induce an ongoing asymmetry of the flow front,
which can result into instability.
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